Abstract. We study the existence of optimal solutions for a class of infinite horizon nonconvex autonomous discrete-time optimal control systems without discounting arising in economic dynamics. These systems describe two-sector models with nonconcave utility functions representing the preferences of the planner.
Introduction
The study of the existence and the structure of solutions of optimal control problems defined on infinite intervals and on sufficiently large intervals has recently become a rapidly growing area of research. See, for example, [2] , [4] - [9] , [13, 14, 17, 18] , [22] - [26] , [30] and the references mentioned therein. These problems arise in engineering [1, 12, 15] , in models of economic growth [11, 19, 21, 27, 28] , [30] - [32] , in infinite discrete models of solid-state physics related to dislocations in one-dimensional crystals [3, 29] and in the theory of thermodynamical equilibrium for materials [10, 16, 20] . In this paper, we study a large class of nonconvex infinite horizon discrete-time optimal control problems. This class contains optimal control problems arising in economic dynamics which describe a general two-sector model without discounting and with nonconcave utility functions representing the preferences of the planner.
Let R 1 (R 1 + ) be a set of all real (nonnegative) numbers, R n be the n-dimensional Euclidean space with a non-negative orthant In the present paper, we study an infinite horizon optimal control problem which corresponds to a finite horizon problem
is a program such that
where T is a natural number and z 1 , z 2 ∈ R 1 + . These optimal control systems describe a two-sector model of economic dynamics where the first sector produces funds, the second sector produces consumption, x 1,t is funds of the first sector at moment t, x 2,t is funds of the second sector at moment t, y t is consumption at moment t and w(y t ) evaluates consumption at moment t. The dynamics of the model is described by equations (1.4)-(1.6). It should be mentioned that this model was usually considered in the literature under an assumption that the functions f 1 , f 2 and w are concave. In the present paper, we establish the existence of optimal solutions without this assumption.
Assume that there exists x * > 0 such that
Note that x * satisfying (1.7) and (1.8) exists for many models of economic dynamics. (For example, if f 1 (x) = x α , x ≥ 0 where a constant α ∈ (0, 1).) Equations (1.7) and (1. In the sequel, supremum over an empty set is −∞ and the sum over an empty set is zero. For each z 1 , z 2 is a program, x 1,0 = z 1 , , x 2,0 = z 2 .
The following proposition follows immediately from the continuity of f 1 , f 2 , w.
For each m ≥ 0, M > 0 satisfying m < x * < M and each pair of integers
+ and each pair of integers
We suppose that the following assumption holds.
The following theorem which is our first main result establishes for any initial state (x 1,0 , x 2,0 ) ∈ (0, ∞) × [0, ∞) the existence of a solution of the corresponding infinite horizon optimal control problem.
and that for each integer T > 0,
The following theorem is our second main result.
and there is M > 0 such that 
We will show (see Lemma 2.9) that μ > 0.
is bounded, is called good [11, 14, 20, 28] , [30] - [32] . It should be mentioned that most results known in the literature which establish the existence of good programs were obtained for concave (convex) problems. For nonconcave (nonconvex) unconstrained problems existence of good programs were obtained in [14] . The problem considered in the present paper is constrained and nonconcave. This makes the situation more difficult and less understood.
The paper has the following structure. Section 2 contains auxiliary results. Theorem 1.2 is proved in Section 3 and Section 4 contains the proof of Theorem 1.3. In this section we prove Theorem 1.5.
Proof of Theorem 1.5. We may assume without loss of generality that
Let M > 0 be as guaranteed by Theorem 1.3 and assume that the sequence { 
Let Q > 0. By (1.19) there is an integer T 0 > 0 such that (1.20)
By (1.20) , (1.17), (1.18), (1.13), Theorem 1.3 and the choice of M , for each integer
It should be mentioned that in [32] we obtained analogous results for an optimal control system describing a one-sector model of economic dynamics. This optimal control system is a particular case of the system considered here with v 2 = 0 and f 2 (x) = x for all x ≥ 0.
One can easily construct many increasing continuous functions f 1 : [0, ∞) → [0, ∞) satisfying (1.2), (1.7) and (1.8). We have already mentioned as an example the function f 1 (x) = x α , x ≥ 0, where a constant α ∈ (0, 1). This function f 1 is concave but the functions f 2 and w can be any strictly increasing continuous function satisfying w(0) = 0 and f 2 (0) = 0 while in the literature it is usually assumed that they are also concave.
It is not difficult to see that (1.7) and (1.8) hold for an increasing continuous functions
Using this fact we can also obtain a lot of examples of functions f 1 assuming that f 1 (x) = g(x α ), x ≥ 0 with a constant α ∈ (0, 1) and with any continuous strictly increasing function g such that the function g(x)/x is strictly decreasing and that for all
Auxiliary results
We use all the notation and definitions introduced in Section 1 and suppose that all the assumptions introduced there hold.
Assume that real numbers m 0 , M 0 satisfy
By (2.1) and (1.7),
By (2.2) and (2.3), Λ > 0. Choose a positive number δ 0 such that
Choose a positive number γ * such that
By (A) there is c 0 > 1 such that
Equations (1.4)-(1.6) and (1.8) imply the following result. 
the following property holds: For each τ ∈ {0, . . . , T } there is a nonnegative integer
Proof. By (1.11) there exists a natural number L 0 > 4 such that (2.9)
Choose a natural number
Assume that T is a natural number, a program (
t=0 ) satisfies (2.8) and that τ ∈ {0, . . . , T }. By (2.4) and (2.8), there is an integer τ 1 such that (2.13)
14)
(it may happen that τ 1 = τ ). In order to complete the proof of the lemma, it is sufficient to show that
Let us assume the contrary. Then
By (2.8), (2.16), (1.10), (2.14), (2.19) and the monotonicity of f 1 and g, 
For all integers
By (2.14), (2.15) and (1.4)-(1.6), for all integers t satisfying τ 1 < t ≤ τ − 1,
Together with (2.22) this implies that for all integers t ∈ [τ 1 + 1, τ ],
By (2.23), (2.10) and (2.4), for all integers
By (2.24) and (2.20),
By (2.14), (2.15) (2.4), (2.1) and (2.21),
For all integers t satisfying τ ≤ t < T , put
By (2.28), (2.8), (2.17), (2.27), (1.4)-(1.6), (2.15), (2.11), (2.24), (2.20) and Lemma 2.1, 
the following inequality holds:
Proof. Choose a number δ ∈ (0, δ 0 ) such that δ < 1 and (2.31)
Assume that a natural number T ≥ L and that a program ({x (2.29) . We show that (2.30) holds. Let us assume the contrary. Then there is a number t 1 such that (2.32)
By the choice of L, Lemma 2.2, (2.32) and (2.29), there is an integer τ 0 such that
By (2.34) and (2.33),
By (1.4)-(1.6), (1.10), the monotonicity of g, (2.35), (2.34), (2.31) and (2.33),
This contradicts (2.34). The contradiction we have reached proves (2.30). Lemma 2.3 is proved.
By (1.9), monotonicity of f 1 , (1.1), (1.11), there is an integerL ≥ 4 such that 
In order to complete the proof of the lemma it is sufficient to show that (2.37) holds. Assume the contrary. Then (2.44)
By (2.36), (1.10), the choice of L 1 (see (2.38), (2.39)), (1.4)-(1.6) and monotonicity of f 1 , g,
There are two cases: (1) (2.46)
(2) there is an integerτ such that
In the case (1) set (2.49)τ = T + 1.
By Lemma 2.1 and (3.36),
By (2.51) and (2.50), for all integers t satisfying τ ≤ t ≤τ − 1,
By (2.52) and (2.40), for all integers t satisfying τ +L ≤ t ≤τ − 1,
By (2.54), (2.56), (2.44), (2.42), (2.5) and (2.3),
Clearly, ({x 1,t }τ t=0 , {x 2,t }τ t=0 , {ỹ t }τ −1 t=0 ) is a program. By (2.59), (2.57), (2.41), (1.10) and monotonicity of g,
By (2.61), (2.49), (2.47), (2.54) and (2.58), 
By (2.62) and (2.63),
Assume that the case (1) holds. Then (see (2.49), (2.59)) (
) is a program and in view of (2.36), (2.61), (2.49) and (2.64),
This contradicts (2.54). The contradiction proves that the case (1) For all integers t satisfyingτ ≤ t ≤ T − 1, set
By (2.66) and (2.67),
By Lemma 2.1, (2.36) and (2.54),
Assume that an integer t satisfies
By (1.4)-(1.6) and (2.67),
and combined with the strict monotonicity of f 2 this implies that
By (2.72), (1.4)-(1.6), (2.74), (2.70), (2.69) and the choice of c 0 (see (2.6)),
By (2.72), monotonicity of w, (2.7), (2.71) and (2.75), 
By (2.36), (2.65), (2.77), (2.42) and (2.3),
This contradicts (2.54).The contradiction proves (2.37) and Lemma 2.4. 
and each pair of integers T 1 , T 2 satisfying
(2.80) 
By (2.5) and (1.11), there exists a natural number L 5 such that
Choose natural numbersL 1 ,L 2 and a number M 2 such that , {x 2,t }
By the choice of L 1 , δ 1 (see (2.81)), (2.78) and (2.88), (2.91) 
By (2.95), (2.90), (2.79) and (2.88), the sequence ( 
By (2.96), (1.10), (2.97), monotonicity of g, (2.94) and (2.87), (2.98)
For all integers t = t 0 , . . . , T − 1, set
In view of (2.98) 
By (2.90), (2.94), (2.78) and Lemma 2.1, 
By (2.102), (2.103) and (1.4)-(1.6),
By (2.78), (2.95) and Lemma 2.1, (2.105)
By (2.99), for all integers t satisfying t 0 ≤ t < T ,
By (1.4)-(1.6), (2.107) and (2.99),
and combined with the monotonicity of f 2 this implies that (2.109) x 2,t >x 2,t , x 2,t 0 >x 2,t 0 .
By (2.108), (2.105), the choice of c 0 (see (2.6)), (2.103), (2.107) and (2.106),
By monotonicity of w, (2.110), (2.105) and (2.7),
By (2.107) and (2.111), (2.112)
By (2.101), (2.104), (2.112) and (2.89),
Lemma 2.5 is proved. License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms Lemma 2.6. There exist a natural number L andM > 0 such that for each
Proof. Let natural numbers L 1 , L 2 be as guaranteed by Lemma 2.4 with M 1 = 1. By (2.1) and (1.11) there exists a natural number L 3 such that
Fix a natural number
and choose
Assume that an integer
By (2.116), (2.117), (2.114), (2.118) and Lemma 2.4 (applied with τ = L 1 + L 3 ), there exists an integer
For all integers t = 0, . . . , t 0 − 1, set
) is a program. By (1.10), (2.121), monotonicity of g, (2.116), (2.119), (2.113) and (2.120),
For all integers t = t 0 , . . . , T − 1, set (2.123)
By (2.123) and (2.122),
) is a program. By (2.116) and Lemma 2.1, (2.125)
By (2.123) for all integers t = t 0 , . . . , T , (2.126) 
By (2.127), (2.125), (2.6) and (2.126),
By monotonicity of w, (2.129), (2.125), (1.4)-(1.6), (2.7) and (2.127),
By (2.119), (2.125), (1.4)-(1.6) and (2.114), 
and each pair of integers
the following inequality holds: License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms By Lemma 2.7 there exist a natural number L 2 andM > 0 such that for each
Let natural numbersL 1 ,L 2 and a number M 2 > 0 be as guaranteed by Lemma 2.5. We may assume without loss of generality that
t=0 ) satisfies (2.132) and that a pair of integers T 1 , T 2 satisfies
Then by the choice ofL 1 ,L 2 , M 2 , Lemma 2.5, (2.132) and (2.138), (2.139)
By the choice of δ (see (2. 
By (2.132) and Lemma 2.1,
By the choice of L 2 andM , (2.140), (2.141), (2.138) and (2.136),
By (2.134) and monotonicity of w,
In view of (2.139), (2.142), (2.143) and (2.137),
Lemma 2.8 is proved.
Lemma 2.9. For each natural number T ,
It is easy to see that {x 1,t , x 2,t , y t } ∞ t=0 is a program and that for all natural numbers T ,
Lemma 2.9 is proved.
Proof of Theorem 1.2
We may assume without loss of generality that
Let M 1 = 1 and let natural numbersL 1 ,L 2 andM 2 > 0 be as guaranteed by Lemma 2.8. Let
By Proposition 1.1, for each integer k ≥ 1 there is a program ({x
It follows from (3.3), (3.2), the choice ofL 1 ,L 2 andM 2 and Lemma 2.8 that the following property holds; P(i) for each integer k ≥L 1 +L 2 and each pair of integers
Clearly, there exists a strictly increasing sequence of natural numbers {k j } ∞ j=1
such that for each integer t ≥ 0 there exists
is a program. It follows from (3.4), (3.2) and P(i) that for each pair of integers
In order to complete the proof of Theorem 1.2, it is sufficient to show that for each integer T > 0, (3.6)
Assume the contrary. Then there is a natural number T such that
By (3.5), (1.4)-(1.6), Lemma 2.9 and strict monotonicity of w, f 2 , the following property holds: (Pii) for each integer i > 0, there is an integer j > i such that
By (3.2) and Lemma 2.1,
Let i be an integer. Assume that for all integers t > i,
Together with (3.8) this implies that for all integers t ≥ i,
This implies that lim sup
The inequality above contradicts (Pii). This implies that the following property holds: (Piii) For each integer i ≥ 0 there is an integer j > i such that
By (Piii) there exists a natural number S > T + 8 such that
Choose a positive number Δ 1 for which (3.10)
By (3.4) there exists a natural number k > S + 4 such that for all t = 0, . . . , S + 3,
For all integers t satisfying T ≤ t < S − 1, put (3.13)
By (3.12) and (3.13),
In view of (3.15), (3.14) and (1.4)-(1.6),
By (3.15), (3.14), (1.4)-(1.6), (3.9) and (3.10), (3.17)
) is a program. By (3.15), (3.14) and (1.4)-(1.6),
By (3.16), (3.19) and (3.11),
By (3.20) 
By (3.2), (3.3), Lemma 2.1 and (3.12), Let an integer t satisfy 
